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ABSTRACT. In one-round f-routing, Alice receives an n-bit string and an unknown qubit, while
Bob receives another n-bit string. They exchange one simultaneous message each, and the
value of f determines which party must recover the qubit. Message lengths, local systems, and
local operations are unrestricted. We charge only Eaim(prr) = log, min{rank pr, rank pr}, the
logarithm of the smaller marginal support dimension of the shared state prepared before the
inputs arrive. The state may be arbitrary and mixed. For the inner product modulo 2, we
prove that every protocol with worst-case error at most 0.09 in both routing cases, measured
in the full, unhalved diamond norm, satisfies dlog,(2d) = Q(n) for d = min{rank pr,rank pr}.
Thus d = Q(n/logn) and Eaim(prr) > logs n — log, logs m — O(1). The closest earlier growing
Schmidt-rank lower bound for an explicit routing function assumes zero error in one routing
case. Our proof converts correctness into a matrix whose entries have a constant gap between
the two routing cases. It approximates this matrix by one whose rank depends on d, but not
on the dimensions of messages or local systems. A sign-rank lower bound for the matrix of
the inner product modulo 2 completes the argument. A lower bound polynomial in n on Fqim
remains open.

Disclosure of AI use. The mathematical content of this paper and its Lean 4 formalization were
developed with substantial use of GPT-5.6 Sol (OpenAlI). The author reviewed and verified the resulting
material and takes full responsibility for the content of the paper and its formalization.

1. INTRODUCTION

In f-routing, Alice receives an n-bit string x and an unknown qubit ). Bob receives an n-bit
string y. They share a state prepared before the inputs arrive and exchange one simultaneous
message each. No further communication is allowed. Alice must recover @ if f(z,y) = 0, and
Bob must recover it if f(z,y) = 1. Correctness is measured in the full, unhalved diamond norm.
Thus recovery must also preserve entanglement between () and an arbitrary reference system.
This is the standard one-round f-routing model [May26, BHM*26].

We place no bound on message lengths, local systems, or local operations. We charge only
the shared state prr prepared before the inputs arrive. Its cost is

Egim(prr) = loge min{rank pr,, rank pgr}.

If d = min{rank pz,rank pr}, then d is the smaller marginal support dimension. The state may
be mixed, and Eqiy is not an entanglement measure. It also charges separable correlations and
shared classical randomness. Other work considers costs based on EPR pairs, Schmidt rank, or
local dimension [May26, ACM25]. Lemma 2 shows that free local processing can generate the
original mixed state from a pure shared state of Schmidt rank d. This preserves the induced
routing channels and does not increase the cost.

The main result concerns the inner product modulo 2. It allows worst-case error in both
routing cases.

Theorem 1. There is an absolute constant ¢ > 0 with the following property. Let f,(x,y) =
P, ziyi be the inner product modulo 2 of x,y € {0,1}". For all sufficiently large n and
every protocol for f, in the standard model of Section 2 with worst-case error at most 0.09, if
d = min{rank pr,rank pr}, then dlogy(2d) > cn. Consequently, the cost satisfies Egqim(pLr) >
logy n — logy loga n — O(1).
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Lean certification. A Lean 4 formalization machine-checks the complete internal proof of Theorem 1.
The information-disturbance tradeoff, the comparison for measured quantum triangular discrimination,
and the sign-rank bound [KSWO08, Liu25, For(02] are treated as hypotheses. The formalization is available
at https://github.com/kevinbogner/f-routing-lean.

The theorem implies d = Q(n/logn). The charged cost is therefore at least log, n—logy logy n—
O(1). The closest earlier result gives growing Schmidt-rank lower bounds for explicit routing
functions but assumes zero error in one routing case [ACM25]. For the stated function and cost,
the theorem instead allows error in both routing cases. It also permits arbitrary mixed shared
states, unrestricted message lengths, and local systems of arbitrary finite dimension.

The proof converts routing correctness into a rank bound for a matrix. The cost-preserving
purification first reduces the shared resource to a pure state of Schmidt rank d. For every input
pair, Bob’s two states are then sums of at most d? tensor products. In each product, one factor
depends only on x and the other only on . Correctness and the information-disturbance tradeoff
give a constant trace-norm gap between the two routing cases. The symmetric logarithmic
derivative quadratic form preserves this gap and is compatible with the tensor-product expansions.
Mixing each state with a small amount of a product state gives uniform bounds for the inverse
that defines the quadratic form. A polynomial approximation and a Fourier expansion then
show that the resulting matrix can be approximated entrywise by a real matrix of rank at most

exp(O(dlog(2d))) log(2N), N =2"

This bound has no dependence on message or workspace dimensions. For the inner product
modulo 2, any real matrix with the required entrywise signs has rank at least v/ N. Comparing
the two rank bounds gives dlog(2d) = Q(n).

Robust lower bounds are known in other settings. Some charge all attack registers in a
bounded quantum-storage model [BCS22]. Others charge gates and measurements [ACCM26],
communication alone or together with the shared resource [AKL ™25, GMOW?26], or entanglement
of formation for selected unitary tasks in non-local quantum computation [CM26]. Those
results use different tasks or cost measures. Further work relates routing to other non-local
tasks [ABM124, BHM*26]. It remains open to prove, for an explicit function in the model
considered here, a two-sided-error lower bound on Eg;,, that grows asymptotically faster than
logarithmically. In particular, a lower bound polynomial in n on Egj, remains open [May26].

2. ROUTING MODEL

All Hilbert spaces are finite-dimensional. Logarithms without a base subscript are natural.
Fix a total Boolean function f : {0,1}" x {0,1}" — {0,1}. Alice receives = € {0,1}" and a
qubit Q. Bob receives y € {0,1}™. Before the inputs arrive they share a state ppr, with Alice
holding L and Bob holding R. The state can depend on n and on the complete function f, but
not on the inputs or on the state of (). Figure 1 shows the protocol.

In the first round, Alice and Bob apply arbitrary channels A, : QL — AyCs_p and
B, : R = ByCp—a. Alice keeps Ay and sends the message C4—,p to Bob. Bob keeps By
and sends Cp_,4 to Alice. The messages cross simultaneously, so afterwards Alice holds
My = AgCp_ 4o and Bob holds Mg = ByC4_.g. For fixed inputs, everything before recovery is
therefore one channel from the input qubit to these two systems,

oy () = (Az ® By) (- @ pLR),

with the output regrouped into M4 and Mp. The designated party must then recover the qubit
with a map that may depend on both input strings, DY : M4 — @ for Alice and D3Y : Mp — Q
for Bob. For a linear map @, ||®||, is the full, unhalved diamond norm. The protocol is e-correct
if the following bounds hold for every input pair:

flz,y) = 0= D} o Trar, oN™Y —idgllo <,
f(z,y) =1 = ||D3Y o Trps, oN*Y —idg|le < e.

The first condition says that when f(z,y) = 0, Alice must recover the qubit from her final
system alone. The second says the same for Bob when f(z,y) = 1. The tolerance ¢ bounds
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FI1GURE 1. One round of f-routing. Time runs downward. Alice receives x and
the qubit @, Bob receives y, and they share the state prr prepared before the
inputs arrive. Double lines carry the classical inputs. Alice applies A; to QL,
keeps Ap, and sends the message C's—,p. Bob applies B, to R, keeps By, and
sends Cp_ 4. The messages cross simultaneously. If f(x,y) = 0, Alice applies
D%Y to Ma = AgCp_ 4 and outputs the qubit. If f(z,y) = 1, Bob applies D3
to Mg = BoCy_B.

how far the whole process may deviate from returning the qubit unchanged. Messages, local
outputs, local ancillas, environments, Kraus ranks, local randomness, and local computation are
not charged. The model above is standard [May26, BHM™26]. The main nonstandard choice is
the cost measure Eg;y, from the introduction.

The first part of the proof of Theorem 1 reduces every protocol to a normal form that the
rest of the paper assumes. The shared state prg is replaced by a pure state whose Schmidt rank
is the smaller marginal rank d, so each half of the new state has dimension d. The first-round
channels are replaced by isometries, channels of the form V(-)VT with VIV = I, which discard
nothing. The lemma proves that the cost and all channels A'**¥ are unchanged.

Lemma 2 (Cost-preserving purification). Ewvery protocol with shared state prr and d =
min{rank py,rank pr} has an equivalent protocol with a pure shared state of Schmidt rank
d. Both marginals of the new state have rank d, and every channel N*¥Y is reproduced exactly
after local systems are discarded. The first-round channels can also be taken to be isometries,
with the extra output systems kept on their own sides.

Proof. Assume that rank p;, = d < rank pr. The other case follows by exchanging the roles of
L and R. Choose a purification |¥);rr and regard E as a system on Bob’s side. Viewed as a
bipartite pure state between L and the pair RE, |¥) has Schmidt rank d, since its marginal on
L is the original pr,, which has rank d. Let K C R ® E be the d-dimensional subspace spanned
by the Schmidt vectors on Bob’s side. There is an isometry V : K — R ® E and a pure state
|) Lk such that (I, ® V)|y) = |¥). Use |¢) Lk as the new shared resource. As the first part of
Bob’s first-round channel, apply V', discard E, and then apply the old first-round channel to R.
The state on LR is then exactly prr, so every later channel is unchanged. Both marginals of
|1)) have rank d.

Finally make the first-round channels isometries. By the Stinespring dilation, every channel
can be implemented as an isometry into a larger output space followed by discarding an extra
register, called its environment. Implement both first-round channels this way and keep the
environments instead of discarding them, Alice hers and Bob his. The recovery channels can
discard these registers first, so the original channels are reproduced exactly. Now nothing before
recovery discards information, and for every input pair the map from @ to the enlarged systems
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MaMp is an isometry. Every system is held inside the two laboratories, and the shared state is
untouched, so the cost Fgiy is unchanged. O

Applying Lemma 2, replace the shared state prr by an equivalent pure state, written in
Schmidt form as

d
¢)LR:Z\//\7\T>LIT>R, Ar > 0, Z)\rzl.
r=1 r

The vectors |r)r, and |r)g form orthonormal bases of the two d-dimensional halves, and the
weights A\, form a probability distribution. The rest of the proof analyzes Bob’s system just
before recovery. Studying Bob’s side is enough. When Bob must recover the qubit, his states for
the two computational-basis inputs must be far apart. When Alice must recover it, those two
states on Bob’s side must be close.

Keep the local Stinespring environments. Bob’s system then has a fixed decomposition
Mp =X®Y. Here X = Cs_,p is the message from Alice, and Y contains Bob’s register By
and his Stinespring environment. For ¢ € {0,1}, define a channel £ : L — X as follows. Fix
the input qubit to |g), apply Alice’s first-round channel, and trace out everything Alice keeps.
Also let F, : R — Y be the channel that applies Bob’s first-round isometry and traces out the
message Cp_, 4 sent to Alice. Bob’s state before recovery is

Phy = (& @ Fy)([9)(4]) = Z VAR EL(Ir)(s]) @ Fy(|r) (s])- (1)

r,s=1

For each fixed ¢, every state is a sum of at most d? tensor products. In each product, the
first factor depends only on x and the second only on y. This is a product expansion with
separated row and column factors. An expansion of this form appears in [ACM25]; the version
here displays the channels and the products of Schmidt coefficients.

The rest of the proof uses the average 7,, = %(pg’y + pglc7y) and the difference A, , =
%(pgy - p}v’y). Equivalently, p%y = Tpy + Agy and pglw = Tpy — Dy y. The pair (7, Az y)
therefore contains the same information as the two states. The size of A, , measures how well
Bob can tell whether the input qubit was |0) or |1). Correctness makes it large when Bob must
recover the qubit and small when Alice must. The average 7., is Bob’s state for an equally
weighted mixture of the two computational-basis inputs. The next section measures A , relative
to this average. Both operators are linear combinations of p%y and pglgvy, so both have the product
expansion above.

3. ROUTING GAP

This section is the second part of the proof of Theorem 1. It proves that the difference A, ,
separates the two routing outcomes by a constant gap. The difference is large for every input pair
with f(z,y) = 1 and small for every input pair with f(x,y) = 0. We first bound the trace-norm
difference ||p9, — p3. ,[l1. We then use this bound to derive bounds on the statistic used in the
rest of the proof. For f(z,y) = 1, the lower bound follows directly from correctness because Bob
must recover the qubit. Input pairs with f(z,y) = 0 require the next lemma.

The lemma gives explicit error bounds for the fact that Alice and Bob cannot both recover
the qubit. It applies to any isometry that splits a qubit between two systems A and B. In the
application, the isometry is the channel N*¥ in the normal form of Lemma 2. The system A
becomes M4, which Alice holds before recovery, and B becomes Mp, which Bob holds. The
channel D becomes Alice’s recovery map. When f(z,y) = 0, correctness says that Alice can
recover the qubit. The lemma then shows that Bob’s two states pg’y and P:lc,y are nearly equal,
so he cannot also recover it. This standard result is called the information-disturbance tradeoff
[KSWO08]. A diamond-norm statement for f-routing appears in [ABM124].

Lemma 3 (Information-disturbance tradeoff). Let V : Q — A ® B be an isometry, and let
Na(t) = Trg V(- )V* and Np(-) = TraV(-)V*. If a channel D : A — Q satisfies ||D o Ny —
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idg|le <€, then there is a state (g such that |[Np — Reglle < 2v/€, where Re, (X) = Tr(X)(p is

the replacer channel that discards its input and outputs (p.

Proof. See [ABM*24]. The proof applies the continuity theorem for Stinespring representations
[KSWO08] to D o N4 and the identity channel. A Stinespring isometry for D o A/4 can retain B.
The theorem shows that this isometry is y/e-close to an implementation of the identity in which
B is in a fixed state. Taking the reduced channel on B gives R¢,. Converting the isometry
bound to diamond norm gives the factor 2. O

The next proposition combines the two cases into bounds on the trace-norm difference between
Bob’s states pgyy and pglc’y from Equation (1). Correctness gives the lower bound when f(z,y) = 1,
since Bob must recover the qubit. Applying Lemma 3 to Alice’s recovery gives the upper bound
when f(z,y) = 0. This is the last time correctness enters the proof. Later steps use only these
two bounds and the structure of the states. A form of the f(z,y) = 0 estimate appears in
[ABM™24].

Proposition 4 (Trace-norm routing gap). For a protocol with diamond-norm error € under the
unhalved convention, the states in Equation (1) satisfy

flay) =1= ooy —rayli 220 —¢),  fla,y) =0=[Iph, — paylh < 4Ve
For e =0.09, the two bounds are 1.82 and 1.2.

Proof. Suppose first that f(x,y) = 1. Let Dp be Bob’s recovery map. For ¢ = 0,1, |Dg(pi ) —
lg){(q|]]1 < e. The two basis states |0)(0| and |1)(1| are orthogonal, so their trace-norm difference
is 2. The triangle inequality and the fact that a channel cannot increase the trace-norm difference
give 2 < 2¢ + Hpgyy - p;yHl. Rearranging gives Hp%y - p}n’yﬂl >2(1—ce).

Now suppose that f(x,y) = 0. In the normal form, the global channel N*¥ with all retained
systems is an isometry from @ to M4 ® Mp. Apply Lemma 3 to Alice’s recovery. There is a
fixed state (pr, such that Bob’s channel is within 24/€ in diamond norm of the replacer channel

with output (ur,,. Therefore [, — gy ll1 < (02, — Curpllt + llpny — Gl < 446 O

The routing gap is now a bound on ||p27y — P:%:,y”l- The third part of the proof needs a quantity
that can be analyzed using the product form in Equation (1). The trace norm is the trace of
an operator absolute value, which does not preserve that form. The quantity below instead
uses addition, subtraction, the inverse of a linear map, and a trace. These operations can be
analyzed using the same product form. Lemma 5 gives corresponding bounds for this quantity.
The resulting constants appear in Equation (2).

We use the following conventions from here on. For a positive operator T, let Pr be its
support projection. Inverses and complex powers of 1" are taken on supp 7 and extended by zero
on the kernel. The same convention applies to Moore—Penrose inverses of positive semidefinite
linear operators on Hilbert—Schmidt space.

For density operators p and o, put ¥ = p+o0, Z =p— o0, and Lx(X) = (XX + X¥)/2, and
define the symmetric logarithmic derivative (SLD) quadratic form

xsLp(p, o) = Tr[Zﬁg(Z)] )

The quantity ysip/2 is both the measured quantum triangular discrimination of p and o [Liu25]
and the Bures quantum x? divergence from either state to their average [TKR*10]. We use the
doubled quantity because Lemma 5 gives the trace-norm bounds needed below in this scaling.
The other quantum triangular discriminations considered in [Liu25] do not give the required
upper bound.

Lemma 5 (Trace-norm bounds for the SLD quadratic form). For all density operators p, o,

lp—oll?
Tl < xsLp(p,a) < |lp— ol

Proof. This is a result of [Liu25] in the displayed scaling. There T = ||p—c||1/2, and the measured
quantum triangular discrimination is Tr[p_L}, (p-)], where px = (p + 0)/2. Substituting
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pr =X/2and p_ = Z/2 shows that this quantity is xsLp/2. The bound T? < xsr.p/2 < T from
[Liu25] is therefore the displayed bound. O

For each input pair, abbreviate x(z,y) = XSLD(Pg,y, pglw). Since p° +p! = 27 and p° —p! = 2A,

the quantity satisfies x(z,y)/2 = Tr[A; LT (Azy)]. Combining Proposition 4 and Lemma 5
at € = 0.09 gives

1.822

flz,y) = 0= x(z,y) < 1.2, flz,y) =1= x(z,y) > = 1.6562. (2)

4. APPROXIMATE RANK OF THE STATISTIC

This section is the third part of the proof of Theorem 1. The values x(z,y) form a matrix
with one row per x and one column per y. We show that this matrix is close, entry by entry, to
a low-rank matrix. By Equation (2), each entry is above or below a fixed threshold according to
f(x,y). An error below half the gap does not change which side of the threshold contains an
entry. Thus the low-rank matrix still determines f, and a function that requires high rank gives
a lower bound on the shared state.

The inverse of L;,  requires a separate step. The average state 7, , can have arbitrarily small
eigenvalues, which make the inverse large. We address this by mixing a small amount of a
product state into the states for every input pair. The new average lies between two multiples of
that product state, with ratio O(d?) (Lemma 6). After preconditioning by the product state, the
resulting operator therefore has uniform lower and upper spectral bounds. The gap decreases
only slightly (Lemma 7).

Let £, = (€9 + &EL)/2, ap = E,(I1/d), and By = F,(pr), where pp = >, A7) (r|. Both ay
and 3, are density operators. Define the product state €1, , = o, @ 3,.

Lemma 6 (Product-state upper bound). On the Schmidt support, |1){(y| = dI, ® pr. Conse-
quently, T, = dQQLy for every input pair.

Proof. The first inequality follows from the pinching inequality [Hay02]. In the form used here,
the constant is the number of blocks [OH04]. We include the short direct proof. For a vector

|U> = Zr,s UT,S”F? 5>7
(¥ | U>’2 = ‘Z V )‘rvr,r‘z < dZ)\T]vmﬂF < d(v|IL @ pr|v).

This proves the operator inequality. The map £, ® JFy preserves operator inequalities. Applying
it gives 7, <X dE,(IL) ® Fy(pr) = d*ay @ By. O

Fix s = 0.05 and define p%3 = (1 — s)pl , + 8Quy, 7o, = (1 = 8)Twy + Qs y, and Aj | =
(1 —-5)A;,y. Lemma 6 implies

aQqy <75, X by, a=005 b=0.95d"+0.05. (3)

Let xs(z,y) = XSLD(pg:Z,p}UZZ). For Hermitian operators U,V , write (U,V)ys = Tr(UV) for
their Hilbert—Schmidt inner product.

Lemma 7 (Bounds after mixing). For every input pair, (1 — s)x(z,y) — 2s < xs(z,y) <

Proof. If L is a positive definite linear map on Hilbert—Schmidt space and v is Hermitian, then
the following identity holds [BV04]:

(v, L™ v)ys = max (2(v, X)ns — (X, LX)us) . (4)

where the maximum may be restricted to Hermitian X.

For the upper bound, apply Equation (4) to £,s and A® on supp . Since L,s > (1—s)L; and
A’ = (1—s)A, the expression for every Hermitian X is at most (1 — s) times the corresponding
expression for £; and A. The maximum of the latter expression is x/2. Indeed, —7 < A <7
implies that A belongs to the range of L.
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For the lower bound, set X = £1(A) and extend it by zero from supp7 to suppQ. On
operators supported on supp 7, the inverse of £, has a positive integral representation [HP14].
Together with —7 < A < 7, this gives —I < X < I on supp 2. Insert this X into Equation (4)
for £+ and A%, Since (X, Lo(X))ns = Tr(QX?) <1,

2 2(1 = 5)(A, X)us — (1= )X, Lo(X))us — s(X, La(X)us = (1= )5 — 5.
Multiplication by two proves the lower bound. O
The bounds in Equation (2) now give
flay) =0=xs(z,y) <114, f(z,y) =1 = xs(x,y) > 1.47339. (5)
Set
0 = 1.306695, g = 0.166695. (6)

Thus xs(z,y) <0 — g when f(z,y) =0, and xs(z,y) > 0 + g when f(z,y) = 1.

We next show that each matrix g; defined below is close, entry by entry, to a low-rank
matrix. A polynomial approximates the inverse in xs;. Expanding the polynomial writes the
approximation to x as a linear combination of the ¢;, so we can study one ¢; at a time.

We use two related preconditionings. First, A = [,;21/ 2573551/ ? has eigenvalues in [a, b].
Second, define C' = Q~Y2EQ~Y2 and D = Q" /2A%Q~1/2. Each is still a sum of tensor products.
In each product, one factor depends only on x and the other only on y. Both the number of
terms and the operator-norm bounds depend only on d.

The remaining step concerns 551. In an eigenbasis of 2, this map introduces factors 1/(wy,+wy).
These factors do not separate into an z-dependent factor and a y-dependent factor. The Fourier
expansion below writes them as integrals of complex powers. Since £, , = o, ® 8y, these
powers separate as o ® (. This gives the rank bound in Lemma 12. All linear operators on
Hilbert-Schmidt space below act on supp 2, .

Define A = 551/25751351/2 and u = EQI/Q(AS); the indices x,y are suppressed. From
Equation (3),

al < A=<bl. (7)

Moreover,
= A s < 1, ®)
where the last inequality follows from Lemma 5 and the bound ||p%* — p1¥||; < 2. Put E = 75—

and B=A—-1= E51/2£EE(_21/2. Also define the Q-preconditioned operators C' = Q~1/2EQ~1/2
and D = Q71/2A5071/2,

Definition 1. A family of operators O, , on X ® Y has a product expansion of length at most
r if there are operator families Oif . and O;/’ i such that

T
Ozy = 03p @0y
k=1
for every (z,y). No bound on the individual summands is part of this definition.

Lemma 8 (Preconditioned product decomposition). The operators Cy,, and D, , have product
expansions with lengths rc and rp, where rc < d*+1 and rp < d?. They satisfy ||Cyyllop < d
and || Dy yllop < d?. These bounds depend only on d. They do not depend on the dimensions of
the messages, local outputs, work registers, or environments, or on the Kraus ranks.

Proof. For each g, the range of every Kraus operator of £2 lies in supp a,. Therefore, for every
T,

The same identity holds for £, and G,. Since pg is positive definite on the Schmidt support,
Fy(pr) and F,(I) have the same support. Thus Py, JF,(T)Pg, = F,(T') for every T on that sup-
port. Every term in Equation (1) is therefore supported on supp v, ® supp 3. The conjugations

by the Moore—Penrose inverse square roots below are well-defined.
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Let G, = (9 — £1)/2. Using Equation (1) and Q~1/2 = az? @ ﬁ;l/z on the support yields

d
Dyy = (1=5) > VAAsaz;2Gu(Ir)(s)az '/ @ 8,12 F, (1) (s)8, 2,
r,s=1
which has length at most d?. Since E = (1 — s)(7 — ), the same expansion with &, gives
d? terms for Q~1/27Q~1/2_ followed by the additional product term —(1 — s)P,, ® Pg,. Thus
rc < d? + 1. The inequalities —7 < A < 7 and 7 = d?Q imply —d?*Pn < D = d?Pq. The two
inequalities in Equation (3) give (a — 1)Pq = C < (b — 1)P,. With the values of a,b, both
operator norms are at most d? for every d > 1. (]

For j > 0, define the real matrix
gj(w,y) = (A% Lo (LpLG ) (A%))ms.
Lemma 9 (Moment identity). For every j >0, ¢;(z,y) = (u, Blu)ps.

Proof. Substitute B = £51/2£E£§1/2 and u = 551/2(A3). Each pair of adjacent factors £51/2
multiplies to Eél. Therefore (u, Biu)pys = <A5,£§1(£E£§1)j(AS))HS. O

The next lemma chooses the positive real exponents used in the Fourier expansion. It is stated
for a tree because the expansion below always produces one.

Lemma 10 (Edge weights on a tree). Let T = (V,E) be a tree with m > 1 edges. Set
em = 1/(2m). For each endpoint v of each edge e, there is a number 8., such that ¢, + 6, =1
for e ={u,v}, e < Oep <1 —cp, and 2y =3 o5, O < 1 for every v.

esv —

Proof. Assign an initial value ¢, to each endpoint of every edge. Each edge then needs an
additional total r = 1 — 2¢,, = 1 — 1/m, and vertex v can receive at most an additional
¢y = 1 — gy degp(v) > 0. Build a flow network. Connect the source to each edge-node with
capacity r. Connect each edge-node to its two endpoint vertices with infinite capacity, and
connect each vertex to the sink with capacity c,.

It remains to check the following cut inequality. Let F' C E be nonempty, and let V(F’) be the
set of its endpoints. The graph (V(F'), F') is a forest with k > 1 components, so |V (F)| = |F|+k.
Also 3 ey (r) degp(v) < 2m. Therefore

> o> |F|l+k—2men =|F|+k—1>|F|>r|F|.
veV(F)
Every cut has enough capacity. The max-flow min-cut theorem [FF56] therefore gives a flow in

which every edge-node sends its required amount. Add this flow to the initial endpoint values.
Each 6., then lies in [e,,,1 — &,,], and the sum at each vertex is at most one. O

Use the Fourier convention

90 = [g@e s g2 =5 [ getd

Lemma 11 (Fourier transform of gg). For 0 < 0 < 1, let gg(2) = €%2/(1 + €*). Then

Go(t) =T(0 —it)I(1 — 0+ it) = m

and there is an absolute constant Cp such that 5=||go|l1 < Cr(1 + log m).

Proof. With u = €*, gy(t) = [;°ul 11 + u)"tdu = I'(§ — it)['\(1 — 0 + it): the integral
is the beta integral, and the reflection formula gives the sine expression [DLMF]. Moreover,
|sin(7(0 — it))|? = sin?(76) 4 sinh?(7t). Let 6 = min{f, 1 — }. For 0 < § < 1/2, sin(wd) > 24.
On 0 <t <1, sinh(nt) > 7t, while on ¢ > 1 it grows exponentially. Hence

1 1 dt o0 1
—Gollr < S Tt < 1+log= ).
27THggH1_C/0 52+t2+C/1 e dt_CF< +0g5)
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For a real matrix M, define its entrywise approximate rank by rank, (M) = min{rankp M :
|M — M||max < n}, where ||Al|max = maxy y|Ag |

Lemma 12 (Moment rank bound). Let the row and column input sets both have size N.
Suppose Cy, and D, have product expansions of length at most rc and rp, respectively. Let

Ko = max, y||Cyyllop and Kp = maxy y|| Dy yllop. For j > 0, put R; = TzDrjé, M; = K%Ké,
and V; = 271 (Cp(1 + log(2j + 4)))]“. Then for every n > 0,

rank,(q;) < 2R; [6VJ2M]277_2 log(?N)-I . 9)

Proof. Fix one input pair and diagonalize €2 on its support, with eigenvalues w, > 0. In this
basis, (ﬁﬁl(X))a p = 2Xap/(wa +wp). Each occurrence of L is the average of left and right

multiplication by E. Expand the j occurrences into words w € {L, R}.

Fix a word w € {L, R}/. Start with two vertices Ag, By. At step /, if wy = L, introduce a new
vertex Ay and set By = By_1. If wy = R, introduce a new vertex By and set Ay = Ay_1. The
pairs ey = { Ay, By}, for 0 < ¢ < j, are the edges of a tree Ty,. Each step keeps one endpoint of
the preceding edge and adds one new vertex.

Define a second multigraph on the same vertices. Its first edge is the initial D matrix element
between Ay and By. Each of its next j edges is the C' matrix element between a replaced vertex
and the new vertex that replaces it. Its last edge is the final D matrix element between A; and
Bj. Every vertex has degree two, and the multigraph is connected. It is therefore a cycle. When
7 =0, this cycle consists of two parallel D edges.

Orient each operator edge from the row index to the column index of its matrix element.
Every vertex then has one incoming and one outgoing operator edge, so the operator cycle is
directed. Choose vg,v1,...,v;41 in this directed order, and let O, be the operator on the
edge from vy, to vi41, with indices read modulo j + 2. Exactly two of the O,, ; are D, and the
remaining j are C. If I is the eigenbasis index set and ¢ : V(Ty,) — Iq is an assignment, direct
expansion of the matrix products gives

Jj+1
G=2 ) Yo Ko@) [T(Owr) i) atuns)- (10)
we{L,R} 1V (Tw)—Iq k=0

The j + 1 factors E51 contribute 2711, while the j left-right averages contribute 277. This gives
the factor two in Equation (10). Substituting E = QY/2CQY? and A® = Q/2DQ/? shows that
the scalar eigenvalue factor for a fixed assignment of eigenbasis indices to the vertices is

_ HvEV(Tw) Wy ) (11)
e—{up}enm,) (@u +wy)

Indeed, the operator cycle has degree two at every vertex, so the square-root factors from its
incident operators multiply to one power of w,,.

Apply Lemma 10 to Ty, with m = j + 1. For e = {u, v}, write 6., = 0. and 0., =1 — 6,
after choosing an order of its endpoints, and put z, = > .5, 0., and h, =1 — z,. Then h, >0
and Y, hy = |V(Ty)| — |E(Tw)| = 1. Equation (11) becomes

Ky(w)

Ocu O,

Kw(w):wa}” H M (12)

w W
v e={up} ¢ W@y

The formula remains valid when two vertices are assigned the same eigenvalue index.
For each ordered edge e = (u,v),

Oc, ,1—6,
Wy W, ¢

= g (1 —1 .
et o 9o, (log wy, — log wy)

Apply Lemma 11 to each edge of T,,. The allowed range of 8. bounds the total variation of the
Fourier measure for one edge by Cr(1 + log(2j +4)).
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Let t. be the Fourier frequency assigned to edge e. For each vertex v, define t, = >_ 5, 0y ete,
where 0, =1 and 0, = —1 for the chosen order e = (u,v). The Fourier factors then combine
to [1, w”” and ), t, =0.

Insert these Fourier integrals into Equation (10). For each word w, the sum over eigenbasis
indices becomes the cyclic trace in Equation (13). Combine the measures for all j + 1 tree
edges, sum over the 27 words, and include the remaining factor two. This gives a finite complex
measure j; with [|p;|lrv < V. Here || ||Tv is the total mass of the variation measure |1;]. The
integration variables are the word and all of its frequencies.

For each choice ¢ of a word and its Fourier frequencies, define

Fe(z,y) =Tr {Qh0+it0009h1+it101 e Qh”ﬁitj“Oj—s—l ) (13)

where the Oy consist of two copies of D and j copies of C, and the nonnegative exponents satisfy
poyal 1 ohk = 1. When h; = 0, functional calculus defines Q% as a unitary operator on supp €.
Noncommutatlve Holder gives a bound that does not depend on the dimension. If h; > 0, then
||Qh'+it‘||1/h = 1 because TrQ = 1. If h- = 0 then ||Q%||,, = 1. Using the operator norm for
every O; gives |F¢(z,y)| < [[D[I5,1C12,

Now use 2, = o, ® 3. Every complex power separates as 27 = a7 ® ;. Expand the
product expansions of the two D factors and the j C' factors in Equation (13). Enumerate the
R; = T%Té tuples of product indices by £ =1,..., R;. Then

ZFM ) Fo(y),

where the two factors are the corresponding traces on X and Y. Hence the complex matrix
[Fe(x,y)]e,y has rank at most R;.

The Fourier expansion gives the exact identity ¢;(z,y) = [ F¢(x,y) du;(¢). Write duj = & d|u;l,
where |¢] = 1. Draw the word and all of its frequencies jointly from the probability measure
Il /|15l mv. Let i, .., ¢r be independent samples, and set

. HM v —
q] JT Z€ FCk

For each entry, the real summands have absolute value at most V;M;. Hoeffding’s inequality and
a union bound over the N? entries show that ||g; — @j|/max < 7 with positive probability whenever
T> 61/;2Mj2n’2 log(2N). Finally, the real part of a complex rank-R; matrix has real rank at
most 2R;. The sampled sum therefore has real rank at most 2R;T', which proves Equation (9).

All formulas were written on supp 2. If Q is singular, the support restriction removes zero
eigenvalues before the Fourier expansion. The powers still separate into functions of o, and 3y,
and the Holder bound is unchanged. Thus no continuity argument or extra factor depending on
the smallest nonzero eigenvalue is needed. O

Corollary 13 (Moment rank in terms of d). For the routing construction above, there is an
absolute constant Cy such that for every j > 0 and every 0 <n <1,

rank,(q;) < exp (Co(j + 1) (log(2d) + loglog(j + 3))) n~ % log(2N).
In particular, the bound is exp(O(dlog(2d)))n=21log(2N) uniformly for j = O(d).

Proof. Use Lemma 8 in Lemma 12: rp < d?, rc < d?> + 1, and Kp, Ko < d?. The logarithms
of R; and M; are O((j + 1)log(2d)), while logV; = O((j + 1) loglog(j + 3)). Increasing the
absolute constant Cy covers the ceiling and all fixed factors. O

The last step of this part approximates A~! by a polynomial in A. The eigenvalues of A lie
in [a,b] by Equation (7). A Chebyshev polynomial gives the approximation on that interval,
and the bounds above apply to the resulting terms. The outcome is Proposition 15: the matrix
of the statistic is within g/2, entry by entry, of a matrix of rank exp(O(dlog(2d)))log(2N).
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Lemma 14 (Chebyshev approximation of the reciprocal). For every 0 < § < 1, there is a
polynomial p, of degree m = O(+/b/alog %) = O(dlog 2) such that SUPefap)l — APm(A)] < 0.
It can be chosen as follows: for k=m+ 1, set
T (b+a—2N)/(b—a 1—7r(A
SR 1( =) Lo,
T ((b+a)/(b—a)) A
If pm(1 + 2) = YT ¢j27, then YT |cj| < exp(O(m)), with an absolute implied constant.

Proof. This is the standard Chebyshev construction [Saa03, Vis12]. Among degree-k polynomials
that equal one at zero, r; minimizes the largest absolute value on [a, b]. Its degree bound follows
from the growth of T} outside [—1,1]. The coefficient bound is proved here because no reference
states it after the required shift by one.

The affine map t(\) = (b+a — 2)\)/(b — a) sends [a,b] to [1,—1]. Put x = b/a = 19d% + 1
and ¢c= (b+a)/(b—a) = (k+1)/(k —1) > 1. Since r;(0) = 1, the numerator 1 — () is
divisible by A. Thus p,, is a polynomial of degree at most k — 1 =m, and 1 — Ap;,, () = ri(N).
On [a,b], |rk(N)] < 1/Tk(c). The growth estimate for Chebyshev polynomials gives 1/Tj(c) <
once k > (y/k/2)log(2/0). This proves the approximation bound.

It remains to bound the coefficients after shifting by one. For a polynomial H, let || H ||, denote
the sum of the absolute values of its coefficients. Write t(1 + z) = £ — vz with £ =1 —2/d? and
v = 2/(0.95d?). For every d > 1, this affine polynomial has coefficient norm less than four. Let
Hy(z) = Ty(t(1 + z)). The recurrence Ty41 = 2tTy — Ty—1 gives ||[Hos1lle, < 8||Helle, + [|He—1ll¢, -
Starting from Hy = 1 and ||H;||s, < 4, induction gives || Hy|l,, < 9.

Since Ty (c) > 1, the polynomial R(z) = 1 — r,(1 + z) has coefficient norm at most 1 + 9%,
Also R(—1) = 0, so 1 + z divides R(z) and R(z) = (1 4+ z)P(z) with P(z2) = pn(1 + 2). If
R(z) = 3§ o asz’, the quotient coefficients satisfy ¢; = 3°5_,(—1)"~as. Therefore Z?;é\cﬂ <
EXF olagl < k(14 9%) = exp(O(k)). Since k = m + 1, this proves the coefficient estimate. [

Proposition 15 (Approximate rank of the routing statistic). There is an absolute constant Cy
such that, for every N = 2™ and every protocol resource of smaller marginal rank d,

ranky s ([Xs(,9)]ey) < exp(Cidlog(2d)) log(2N),
where g is the constant in Equation (6).

Proof. Choose § = ¢/8 in Lemma 14. The resulting degree satisfies m = O(d). Since the
eigenvalues of A lie in [a, b], Equation (8) gives |(u, A7 u)nys — (u, pm (A)u)ns| < {u, A~ u)ps < 6.
With A = I+ B, Lemma 9 gives (u, pm(A)u)nus = 37" ¢;g;. Thus the polynomial approximation
contributes at most 2§ = g/4 to the error in xs.
For each j, set n; = g/(8(m+1) max{1, |c;|}), and choose a real matrix ¢; with ||¢; —qj|lmax < 1;
and rank bounded by Corollary 13. The matrix K = 237" ¢;q; satisfies
m
1Dxe(@, )] = K e < 264+2 leslny < 4+ 5 = 2.
j=0
Lemma 14 gives max;|c;j| < exp(O(m)). Hence 77;2 < Cy(m+1)?exp(O(m)), where Cy depends
only on the fixed constant g. Apply Corollary 13 to every j < m = O(d) and add the ranks
of the m + 1 matrices. This gives rank K < exp(C1dlog(2d))log(2N) for an absolute constant
Ch. O

5. INNER PRODUCT MODULO 2

This section completes the proof. The preceding sections show that every correct protocol
gives a low-rank matrix. Its entries lie on opposite sides of a fixed threshold according to whether
flxz,y) =0or f(x,y) = 1. We now use the inner product modulo 2. Its sign matrix has sign rank
at least v/N. Comparing this lower bound with the earlier rank upper bound proves Theorem 1.

A sign matrix has entries in {—1,+1}. Its sign rank is the smallest rank of a real matrix H
whose entries have the same signs:

signrank(S) = min{rankg H : Sy H,, > 0 for all x,y}.
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Let N = 2", and label the rows and columns by n-bit strings. We use f,(z,y) = IP,(z,y) =
@, z;y;. Its sign matrix is the Walsh-Hadamard matrix Wy (z,y) = (—1)F@v),

Lemma 16 (Sign rank of inner product modulo 2). For every n > 1, signrank(Wy) > v/ N =
on/2,

Proof. The rows of Wy are pairwise orthogonal, and each has squared length N. Hence
WNW = NI and its spectral norm is |Wyllop = v'N. The bound in [For02] states that
signrank(S) > N/||S|lop for every N x N sign matrix S. Applying it to W proves the
claim. O

The target sign matrix is Sy(z,y) = 2fn(z,y) — 1 = —Wx(z,y). Multiplying every entry by
—1 does not change sign rank. Therefore signrank(Sy) > v/N.

Proof of Theorem 1. Fix a protocol for f,, with error at most 0.09. Let d be the smaller marginal
rank of its shared state. By Proposition 15, there is a real matrix K with || K — [xs(2, ¥)]|lmax <
g/2. It also satisfies rank K < exp(C1dlog(2d))log(2N). The bounds in Equations (5) and (6)
show that K, , < 6§ when f,(z,y) =0 and K., > 6 when f,(x,y) = 1. Let J be the all-ones
matrix. Then K — 0J has the same entrywise signs as Sy. Consequently,

2"/2 < signrank(Sy) < rank(K — 0.J) < exp(Cidlog(2d))log(2N) + 1.

For all sufficiently large n, the left side is at least two, so 2271 < exp(C}dlog(2d)) log(2"*1).
Taking natural logarithms gives % + O(1) < Chdlog(2d) + log(n + 1) + O(1). The term
log(n + 1) and the bounded terms grow more slowly than n. Hence, for all sufficiently large n,
dlogy(2d) > en for an absolute constant ¢ > 0.

If d > n, the claimed bound follows from log,d > logyn. Now suppose that d < n. For
n > 2, logy(2d) < 1+ logyn < 2logyn, so d > cn/(2logyn). Taking logarithms gives logy d >
logy n — loggy loga m — O(1). This is the claimed lower bound on Egjpy,. O

6. CONCLUSION

For f-routing with the inner product modulo 2, every protocol with worst-case error at most
0.09 satisfies

dlog,(2d) = Q(n), d = min{rank pr,rank pr}, Egim(pLr) > logs n —logsy logy n — O(1).

Hence the smaller marginal rank is ©(n/logn). The result allows arbitrary mixed shared states,
unrestricted message lengths in the single simultaneous exchange, and local systems of arbitrary
finite dimension. Error is allowed in both routing cases.

The central technical step is an approximate-rank bound of exp(O(dlog(2d)))log(2N). Its
resource dependence is only through d, and it is independent of message and workspace dimensions.
Only the final sign-rank step uses the inner product modulo 2. The cost applies to the entire
shared state prepared before the inputs arrive. For mixed states, it is not an entanglement
measure and may charge separable correlations or shared randomness. The result does not give
a superlogarithmic lower bound on FEjyj,. Proving such a bound, and in particular a bound
polynomial in n, remains open.
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